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Abstract. We propose a constituent quark model to evaluate heavy decay constants and form factors relevant
for B — D™ semileptonic transitions. We show that the model reproduces the scaling laws dictated by
the spin-flavor symmetry in the heavy quark limit and describes quite well the experimental data.

1 Introduction

The study of exclusive charmed semileptonic decays of
B mesons is of primary importance to extract [1] one of
the free parameters of the standard model: the absolute
value of the Cabibbo—Kobayashi-Maskawa matrix element,
[Vep| [2]. The extraction is based on the prediction of the
heavy quark effective theory (HQET) [3] which fixes an
absolute normalization, at zero recoil point, of the form
factor which survives in the limit of infinite quark masses.
Moreover, it is possible to show that differently from the
B — D/{v process the B — D*{v decay does not receive
1/mg corrections at zero recoil point [4]. This facts allow
us to extract |Vgp| from the differential partial decay width
for the B — D*{v process in a nearly model independent
way [5,6].

In this paper we will study the B — D™)fv processes
from a different point of view. We propose a very simple
constituent quark model to evaluate heavy decay constants
and heavy-to-heavy form factors. They exhibit the scaling
laws dictated by the HQET at leading order and describe
in a satisfactory way the experimental data. To study the
semileptonic transitions between the heavy mesons B and
D™ and to compute the relevant hadronic matrix elements
we use the ideas presented in the papers in [7] devoted to a
study of heavy-to-light semileptonic and rare B transitions.
In these papers, the heavy meson B is described as a bg (¢ €
{u,d}) bound state and the corresponding wave function,
¥ (k), is obtained by solving a QCD relativistic potential
model. Here, we adopt a different point of view. As in [7],
we describe the involved (heavy) mesons as a bound state
of a heavy quark and a light anti-quark but for the wave
functions we assume their mathematical form and we fix
the free parameters by comparing model predictions and
experimental data, when available (see below).

This paper is organized as follows. In the next section
we introduce our constituent quark model; heavy decay
constants and heavy-to-heavy form factors are evaluated
in Sect. 3. Section 4 is devoted to a discussion of the heavy

quark limit for decay constants and form factors. Numerical
results and conclusions are collected in Sect. 5.

2 The model

We describe any heavy meson H(Qg), with Q € {b,c}, by
introducing the matrix

mQmg
mgmeq + q1 * 2

4 +mg r o + my
2mg 2my

1
H= ﬁ«/m(k) ’
(1)

where mq (m,) stands for the heavy (light) quark mass;
q, ¢4 their corresponding 4-momenta (cf. Fig.1). With
¥ (k) we indicate the meson’s wave function and the fac-
tors are chosen to satisfy the following relations:

(H|H) = Tr{(—vOHT’yO) H} = 2my,
&3k ,
/WWJH(]CN =2mg.

The meson—constituent quarks vertex, I', is given by

(2)

F:fi'y5zfp
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B(p) a(g2) D™ (p")
Fig. 1. Quark model diagram for the semileptonic B decays
involving b — ¢ transition. The thin lines represent quarks, the
thick ones mesons. The gray disks represent the quark—quark—
meson vertices
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for pseudoscalar mesons, (3)
)

F:E w2 s
w7 myg +mqg + my

= FV(€7q1aQ2)

for vector mesons, (4)

where € is the polarization 4-vector of the (vector) meson H.
In any H(Qq vertex we assume 4-momentum conservation,
ie. ¢' + ¢§ = p*, the H meson 4-momentum. Therefore,

if we choose ¢}' = (Eqg, k), and ¢ = (E,, —k), i.e. the H
rest frame, we have (k = |k|)
Eq+E, = \/mé+k2+\/m3+k2 = mu , (5

which can be read as the definition of a running heavy quark
mass, as was done in [7]. In fact, (5) with the constraint
mq(k) > 0 gives the relation

m2 —m2
nggKME% (6)
mp

on the loop momentum k

d3k
| G @)

Let us now write down the remaining rules for the compu-
tation of the hadronic matrix elements in the framework
of this model.

(a) For the weak hadronic current, g, I'* ¢, one puts

the factor
mql qu
NV e A (8)
EQ1 qu

where I'* is some combination of Dirac matrices;

(b) for each quark loop, in addition to the integration in
(7), one puts a color factor of 3 and performs a trace over
Dirac matrices.

3 Leptonic decay constants
and B — D™ semileptonic transitions

In this section we introduce heavy decay constants and
semileptonic form factors for heavy-to-heavy transitions
and we give their expressions in the framework of our model.
Using the rules introduced in the previous section we im-
mediately get the expressions for the heavy meson decay
constants. The pseudoscalar case was obtained and dis-
cussed in [7]; for future convenience, we report the resulting
expression for the B meson:

V3

2,2
2n4my

Km

fB = dkk*

(my 4+ mg)(memq + q1 - q2)

k
xv(k) VEvE (mymg + q1 - g2)

(9)

Moreover, we have evaluated the vector heavy meson decay
constant, which is defined by

(O|V.|H" (p,€)) = mu~ fu- €. (10)
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In particular, if we consider the B* meson, we obtain

fp-= V3 dk K- (k)
VEyE (mymg + q1 - g2)

2n2mB* 0

k2mB*

L (11)

Lo 5 e
* q

3.1 B —- D and B — D* form factors

The same rules allow us to evaluate the matrix element
(D(p')|éyub|B(p)) relevant to the weak semileptonic tran-
sition of B to D mesons. With reference to the graph in
Fig.1 and choosing the 4-momenta ¢; and ¢ as in the
previous section and ¢§ = (E. k—q), we get

(D(p")lev,bl B(p))

3
= /D (jn];g,l/fD(kWB (k)

% mqgmmyp
memp +q1-q2 \| mgme+q3 - q2

/ ’IY[ Q’2+mq(FT)ql32;:lc

« % +mb(rp)—ﬂ/2+mq .
me 2m,

(12)

q

In the previous equation the integration domain D is fixed
enforcing the energy conservation both in the initial and
final quarks—meson vertices. This can be done introducing,
in addition to the beauty running mass (cf. (5)), the charm
running mass m.(k) for which m.(k) > 0. After some
algebra the physical domain D is found to be given by

Max(0,k_) < k < Min(Ka, k),
Max(—1, f(k,|g|)) < cos(f) < +1, (13)
0< ¢ <2m,
with
o _ lalnd i) & () i T 0
2m%,
(14)
#ElaD 2y/m% + q? k2+m3—(m2D+mg) (15)
y1dl) = .
2k |q|

¢ and 6 are the azimuthal and the polar angles, respectively.
Note that we have chosen the z-axis along the direction of
g, the (tri-)momentum of the W boson (cf. Fig. 1).

Equation (12) allows us to immediately extract the form
factors f1(q?) defined by

(D(p')evud| B(p))

= [ (@) pp + D)) + [=(@)pp —p,) - (16)
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The last matrix element relevant to charmed semilep-
tonic decay of B mesons is usually written in terms of the
following form factors:

(D™ (¥, &)levu(l — 5)b| B(p))
= 29(¢*)e" P p, P
~i{f(¢*e,
+(e"p) a (@) (P + 1)) + (%) (pa
they are connected in our model to

(D¢, €)levu(l — 5)b|B(p))

d3k
= [ —=vYp-(k k
| <o (00nh
x\/ mgmy \/ MgMe
meMmp +q1 - q2 \| mgMme +q3 - Q2
- q2 + myq q?; + me
2my 2m,

- QIQ + mq
2my

(17)

-p)]}

myme
EbEc

(FV(E»Q&%)T)

XT]."|: °w

g1 +myp
I
S (I'r)

X (1 - ’}/5) :l . (18)
Also in this case the extraction of the form factorsin (17) can
be done using the same frame we adopt for the extraction
of f1(q?). For the polarization vectors we use

(O,—l,0,0) A= 17
e"(A) =41(0,0,1,0) A =2, (19)
(|q|)0707 _ED*)/mD* A= L7

where Ep-(= /g ? + m3.) represents the energy of the

D* meson.

4 Heavy quark limit

In this section we discuss the heavy quark limit for decay
constants and form factors. We show that decay constants
and heavy-to-heavy form factors satisfy the scaling laws
predicted by HQET at leading order [3].

To show how the results of our model depend on the
heavy quark mass, we need to specify the shape of the
wave functions ¥y (k). We choose two possible forms, the
gaussian-type, extensively used in literature (see for exam-
ple [8,9]),

k2
k) = 4nd/4 | - 2
Yu (k) T w?{ exp Zw?{ ) (20)
and the exponential one,
mg —k
k)=4 — — 21
wnlh) = am [T e { ZEL )

which is able to fit the results of relativistic quark model [10].
In our approach wy is a free parameter which should be
fixed (cf. next section for details).
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4.1 Heavy decay constants

To extract the heavy mass dependence from the decay
constant, it is useful to define x = (2ak)/mp in such a
way that the expressions in (9) and (11) can be formally
written as

Faer = / Cde gp(k(@) Fpoo(n,2),  (22)

where Fp(x,2) have very simple expressions for z = 0
(z =mgy/mp):

3 m3 2% (a — )
Fp(z,0) = \/;875;;3 Vie—2)2a—z)’ (23)
Jla ala—2z)) —x
Fp-(,0) = mip 7 ( + vl )) (24)

8v6n2a3 V2a—z (Va+a—zx)

The integral in (22), for 0 < a < 1 can be evaluated
analytically, obtaining for the leading behavior the follow-
ing result:

gaussian-type,

B =~ (25)

exponential-type,

in both cases in agreement with the scaling law predicted
by the HQET.

4.2 B — D form factors

The same procedure applied to the heavy-to-heavy (B —
D) transitions allows us to find the scaling laws of the form
factors fi defined in (16). As for the decay constants, we
can formally write

i@ = / " e s (k(2) ¥ k() Fi(ez.q?) . (26)

where, for z = 0, £ < 1 and near the zero recoil point
(@® = dhax)
Fy (Z‘, 0, q2) ‘q2’:qﬁmx (27)

1'2

11

Here w = v - v’ with v and v’ the four-velocities of the
B and D mesons, respectively. Also in this case we can
extract the dependence of the form factors from the heavy
masses performing the integration in (26)

mD:th

2 ~
f(@)|2~gz,, 2. /mpmpg
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wBp WD

wh +w D)w <1 g(w”ﬂ

gaussian-type,
x{ (28)

wws 11
n+wp) (1- T3t 1))]

exponential-type.

2\f<

It should be observed that the terms in square brackets
should be interpreted as the Isgur—Wise function, &(w),
near w = 1. Moreover, in the heavy quark limit we should
have wp = wp which implies the correct normalization,
£(1) = 1, for both wave functions.

4.3 B — D* form factors

The same analysis can be carried out for the B — D* form
factors. Let us start to consider the form factors a4 (g?).
As for the fi, we can write

ax(q®) = / dz Yp(k(x)) Y- (k(x)) Ax(z,2,6°), (29)
0
where, for z = 0, x < 1 and near the zero recoil point

2 m3. 11
- 11— —(w-1
64n%a3 mp ( 12 (w=1)
(30)

Analogously to the B — D case, the heavy mass depen-
dence can be obtained performing the integration in (29),

1
2 mpmp

Ai (.T}, 07 q2)|q22q12nax ==

a+ (q2)|q2:qﬁmx ~F

o) (1 )

gaussian-type,

[ wiw? 11
8 o ool +Bw§)3 (1 - - 1))]

M(

exponential-type.

The behavior with heavy masses of the vectorial form factor,
9(¢?),isthesame of a_ (¢?) in agreement with the prediction
of heavy quark symmetry. For the last axial form factor,
f(q?), our model predicts

f(q2)‘q2:q§]ax ~ /mp-mp (1 + w)
wWBp Wp

2a(ety) (- ney)]

gaussian-type,
x{ (32)

e (1 o)

exponential-type.
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Thus all the form factors satisfy the scaling laws dictated
by the HQET. Moreover, the model predicts the following
Isgur—-Wise function:

11
— 1 o
Ew)=1- 1w
where the quadratic term, neglected in (28), (31) and (32),
is shown. The resulting Isgur—Wise function satisfies both
the Bjorken sum rule [11]

S = 1) ol - 1)), (33)

11 3
=) ==>° 4
prE=-Cl)=13 27, (34)
and the lower bound on the curvature [12]:
7 4 3 99
=) == > < : 35
="M=z (1+70°) =5 (35)

5 Numerical results and discussion

As we have seen in Sect. 3, the heavy-to-heavy form factors
can be easily extracted with the help of the (12), (16), (17)
and (18). Nevertheless, unlike for the decay constants, their
analytical expressions are quite long, and, for the sake of
brevity, we do not report them here.

As already discussed in the previous section, to evaluate
numerically form factors and decay constants, we must fix
the meson wave functions, ¥ g (k). For the wave function we
considered two possibilities: the gaussian and the exponen-
tial form. In both cases, for any heavy meson, H, we have
one more free parameter, wy. In order to determine the
free parameters of the model we proceed as follows. We ne-
glect differences between pseudoscalar and vector mesons
in the vertex function, in other words we put wp = wp-.
Moreover, we neglect differences between uw and d quark
masses. In such a way the free parameters of the model
are wp, wp and m,. They are adjusted by fitting the ex-
perimental values of fp, BR(B — D{v) and the results
of lattice simulation on the ratio fp/fp. The numerical
results are collected in Tables 1 and 2.

Comments about the results in Table 1 are in order.
Let us start with decay constants. The model predicts large
1/m. corrections for fp in such a way the predicted ra-
tio fp/fp violates strongly the heavy quark mass limit.
However, in the allowed region for the parameters there

Table 1. The experimental values [1] and lattice result [13]
for the decay constants used in the fit of the free parameters
of the model. For the free parameter we assume wp = wp=.
Moreover, we use |Vep| = (41.3 & 1.5) x 1072 [1]

Exp. or lattice our fit our fit
(exp.) (gauss.)
fo/fs 1.23 +£0.22 [13] 1.03 1.05
fp 300715030 MeV [1]  145MeV  145MeV
BR(B — D¢v)  (2.14+0.15)% [1] 2.04% 1.75%
fB 140 MeV 139 MeV
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Fig. 2. Predicted ranges for dI'(B — D*fv)/dw compared to data. Solid boxes (triangles) refer to B® — D¢~ 5 (B~ — D" (™ D)
process [5]. Data points from BABAR [6] are displayed with stars. Solid lines refer to model predictions for exponential (left)
and gaussian (right) in correspondence of |Vep| = (39.8,41.3,42.8) x 1073 [1]

Table 2. The values for the free parameters of the model in
correspondence of the best fit for both wave functions. The
two sets of values are obtained for the exponential (exp.) and
gaussian vertex (gauss.)

Parameter fitted values (exp.) fitted values (gauss.)
My 311 MeV 269 MeV
wB 258 MeV 421 MeV
wp 255 MeV 347 MeV

is the possibility to fulfill both the heavy quark limit and
the lattice result but the values of the decay constants
(fp ~ fB ~ 140 MeV) are predicted smaller than the ones
obtained by lattice simulations [13]. Regarding the B — D
form factors, it should be observed that the experimen-
tal value for the BR(B — D/{v) can be reproduced with
|Vep| = (41.3 £1.5) x 1073 [1]. However, when the exponen-
tial function is considered, the agreement becomes better
as a consequence of the larger value predicted for f,(0)
(f+(0) = 0.57 (0.51) for exponential (gaussian) vertex func-
tion). The same situation occurs if the differential partial
decay width for the B — D*/v is considered. In Fig. 2, as-
suming the values in Table 2, we plot dI'(B — D*¢v)/dw
in comparison with experimental data [5,6]. In particular,
the left (right) panel allows one to compare model pre-
dictions and experimental data for the exponential (gaus-
sian) vertex function. Both panels contain three curves
corresponding to the predicted dI'(B — D*¢v)/dw for
the central, upper and lower 1 — o values of |V [1]. The
agreement between model predictions and experimental
data is quite good, a better agreement requires a smaller
value of |Vp|. In this respect, using exponential vertex
function and a value of |V | = 38.7 x 1073 [6], the pre-
dicted dI'(B — D*fv)/dw is in very good agreement with
experimental data from Babar [6].

In conclusion we have proposed a constituent quark
model to describe heavy mesons. We showed that the model
predictions on decay constants and form factors reproduce
the scaling laws dictated by HQET at leading order in the

heavy quark mass limit. For finite heavy quark masses the
agreement with experimental data is quite good.
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